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approach to the limit.
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1. Introduction

About a decade ago, it was realized that the Internet has a power-law degree distribution [FFF99,
AJB99]. This observation led to the so-called preferential attachment model of Barabasi and Albert
[BA99], which was later used to explain the observed power-law degree sequence of a host of real-
world networks, including social and biological networks, in addition to technological ones. The rst
rigorous analysis of a preferential attachment model, in particular proving that it has small diameter,
was given by Bollobas and Riordan [BR04]. Since these works there has been a tremendous amount
of study, both non-rigorous and rigorous, of the random graph models that explain the power-law
degree distribution; see [AB02] and [BR02] and references therein for some of the non-rigorous and
rigorous work, respectively.

Also motivated by the growing graphs appearing in real-world networks, for the past ve years or so,
there has been much study in the mathematics community of notions of graph limits. In this context,
most of the work has focused on dense graphs. In particular, there have been a series of papers on
a notion of graph limits de ned via graph homomorphisms [BCL"06b, BCL*06a, BCL*07, LS06];
these have been shown to be equivalent to limits de ned in many other senses [BCL*06a, BCLT07].
Although most of the results in this work concern dense graphs, the paper [BCL06b] also introduces
a notion of graph limits for sparse graphs with bounded degrees in terms of graph homomorphisms;
using expansion methods from mathematical physics, [BCL™] establishes some general results on
this type of limit for sparse graphs. Another recent work [BRO07] concerns limits for graphs which
are neither dense nor sparse in the above senses; they have average degrees which tend to in nity.

*The research was performed while N.B. and A.S.were visiting Microsoft Research
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Earlier, a notion of a weak local limit of a sequence of graphs with bounded degrees was given by
Benjamini and Schramm [BS01] (this notion was in fact already implicit in [Ald98]). Interestingly,
it is not hard to show that the Benjamini-Schramm limit coincides with the limit de ned via
graph homomorphisms in the case of sparse graphs of bounded degree; see [Ele07] for yet another
equivalent notion of convergent sequences of graphs with bounded degrees.

As observed by Lyons [Lyo05], the notion of graph convergence introduced by Benjamini and
Schramm is meaningful even when the degrees are unbounded, provided the average degree stays
bounded. Since the average degree of the Barabasi-Albert graph is bounded by construction, it
is therefore natural to ask whether this graph sequence converges in the sense of Benjamini and
Schramm.

In this paper, we establish the existence of the Benjamini-Schramm limit for the the Barabasi-
Albert graph by giving an explicit construction of the limit process, and use it to derive various
properties of the limit. Our results cover the case of both uniform and preferential attachments
graphs. Moveover, our methods establish the nite-volume corrections which give the approach to
the limit.

Our proof uses a representation which we rst introduced in [BBCS05] to analyze processes which
model the spread of viral infections on preferential attachment graphs. Our representation expresses
the preferential attachment model process as a combination of several Polya urn processes. The
classic Polya urn model was of course proposed and analyzed in the beautiful work of Polya and
Eggenberger in the early twentieth century [EP23]; see [Dur96] for a basic reference. Despite the fact
that our Polya urn representation is a priori only valid for a limited class of preferential attachment
graphs, we give an approximating coupling which proves that the limit constructed here is the limit
of a much wider class of preferential attachment graphs.

Our alternative representation contains much more independence than previous representations of
preferential attachment and is therefore simpler to analyze. In order to demonstrate this, we also
give a few applications of the limit. In particular, we use the limit to calculate the degree distribution
and the joint degree distribution of a typical vertex with the vertex it attached to in the preferential
attachment process (more precisely, a vertex chosen uniformly from the ones it attached to).

2. Definition of the Model and Statements of Results
2.1. Definition of the Model

The preferential attachment graph we de ne generalizes the model introduced by Barabasi and
Albert [BA99] and rigorously constructed in [BR04]. Fix an integer m > 2 and a real number
0 < a < 1. We will construct a sequence of graphs (G,) (where G,, has n vertices labeled 1, ..., n)
as follows:

(1 contains one vertex and no edges, and G- contains two vertices and m edges connecting them.
Given G,,_; we create G,, the following way: We add the vertex n to the graph, and choose m
vertices wy, ..., w,,, possibly with repetitions, from G,,_;. Then we draw edges between n and each
of wy, ..., w,,. Repetitions in the sequence w1, ..., w,, result in multiple edges in the graph G,,.

We suggest three di erent ways of choosing the vertices wq, ..., w,,. The rst two ways, the inde-
pendent and the conditional, are natural ways which we consider of interest, and are the two most
common interpretations of the preferential attachment model. The third way, i.e. the sequential
model, is less natural, but is much easier to analyze because it is exchangeable, and therefore by
de-Finetti’s Theorem (see [Dur96]) has an alternative representation, which contains much more
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independence. We call this representation the Polya urn representation because the exchangeable
system we use is the Polya urn scheme.

1. The independent model: w1, ..., w,, are chosen independently of each other conditioned on the
past, where for each i = 1,... m, we choose w; as follows: With probability «, we choose w;
uniformly from the vertices of G,,—1, and with probability 1 — «, we choose w; according to
the preferential attachment rule, i.e., forall k =1,...,n — 1,

deQn— 1 (k)
A

where Z is the normalizing constant Z = ZZ;} deg,,_; (k) = 2m(n — 2).

2. The conditional model: Here we start with some predetermined graph structure for the rst
m vertices. Then at each step, wy, ..., w,, are chosen as in the independent case, conditioned
on them being di erent from one another.

3. The sequential model: w1, ..., w,, are chosen inductively as follows: With probability «, w,
is chosen uniformly, and with probability 1 — «, w; is chosen according to the preferential
attachmentrule, i.e., forevery k = 1,...,n—1, we take w; = k with probability (deg,,_,(k))/Z
where as before Z = 2m(n — 2). Then we proceed inductively, applying the same rule, but
with two modi cations:

P(wi:k):

(&) When determining w;, instead of the degree deg,,_;(k), we use
deg;, (k) = deg,, (k) +#{1<j <i— 1w, =k}

and normalization constant
n—1

Z'= (deg;,_,(k)) = 2m(n —2) +i—1.

k=1
(b) The probability of uniform connection will be

2m(n — 1)

e s merarc s v s S G GO )

[o

rather than .

We will refer to all three models as versions of the preferential attachment graph, or PA-graph, for
short. Even though we consider the graph G,, as undirected, it will often be useful to think of the
vertices wy,...,w, as vertices which "received an edge" from the vertex n, and of n as a vertex
which "'sent out m edges" to the vertices wy, ..., w,. Note in particular, that the degree of a general
vertex v in G,, can be written as m + ¢, where m is the number of edges sent out by v and ¢ is the
(random) number of edges received by v.

2.2. Pdélya Urn Representation of the Sequential Model

Our rst theorem gives the Polya urn representation of the sequential model. To state it, we use
the standard notation X ~ f3(a,b) for a random variable X € [0, 1] whose density is equal to

Zx° 71 (1 = z)*~!, where Z = fol 2411 — )’ 'dx. We set
_ «
1-—a’

Note that u € [0, 00).
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Theorem 2.1. Fizm, a and n. Let ¥y =1, let 1o, ..., ¥, be independent random variables with
¥ ~ B(m+2mu, (2j — 3)m + 2mu(j — 1)), (2)

and let

n k
ei=v; [] @=v),  S=> ¢, and I, =[S_1,5%). ®3)
i=j+1 j=1

Conditioned on 1, ..., ¢y, choose {Uy ;i }k=1, ..n, i=1,..m @S a sequence of independent random vari-
ables, with Uy ; chosen uniformly at random from [0, Sk_1]. Join two vertices j and k if j < k and

Uk € I; for some i€ {1,...,m} (with multiple edges between j and k if there are several such ).
Denote the resulting random multi-graph by G,,.

Then Gy, has the same distribution as the sequential PA-graph.

Figure 1 illustrates this theorem.

¥1 P2 ¥3 P4 1 2 3 4
U4’1 U4,2

F1G 1. The Pdlya-representation of the sequential model for m =2, n =4, and k = 4. The variables Us,1 and Uy, 2
are chosen uniformly at random from [0, S3].

It should be noted that the o = 0 case of the sequential model de ned here di ers slightly from the
model of Bollobas and Riordan [BR04] in that they allow (self-)loops, while we do not. In fact, a
minor alteration of our Polya urn representation models their graph, and we suspect that a minor
alteration of their pairing representation can model our graph.

2.3. Definition of the Pdlya-point graph model.
2.3.1. Motivation

The Benjamini-Schramm notion [BS01] of weak convergence involves the view of the graph G,, from
the point of view of a \root" kq chosen uniformly at random from all vertices in G,,. More precisely,
it involves the limit of the sequence of balls of radius 1,2,. .., about this root, see De nition 2.1 in
Section 2.4 below for the details.

It turns out that for the sequential model, this limit is naturally described in terms of the random
variables Sj_; introduced in Theorem 2.1. To explain this, it is instructive to rst consider the ball
of radius 1 around the random root k. This ball contains the m neighbors of k, that were born
before ko and received an edge from ky under the preferential attachment rule described above, as
well as a random number ¢ of neighbors that were born after k&, and send an edge to kq at the time
they were born. We denote these neighbors by ko, ..., kom and ko 41, - - -, ko,m+q, Fespectively.
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Let 1+2 1 1
= Y and =" X= ,
2+ 2u X 1+ 2u

X 4)
and note that % < x<land 0 < ¥ < 1. As we will see, the random variables S;_; behave
asymptotically like (k/n)X, implying in particular that the distribution of Sy,_; tends to that
of a random variable zy = v, where y, is chosen uniformly at random in [0,1]. The limiting
distribution of Sk, 1, .., Sk,,,—1 turns out to be quite simple as well: in the limit these random
variables are i.i.d. random variables xy; chosen uniformly from [0, x¢], a distribution which is more
or less directly inherited from the uniform random variables U;, ; € [0, Sy,—1] from Theorem 2.1. The
limiting distribution of the random variables S, . -1, ..., Sk .. ,,—1 IS slightly more complicated
to derive, and is given by a Poisson process in [xg, 1] with intensity

P!
Yo dx.
Zo

Here v, is a random "strength™ which arises as a limit of the -distributed random variable v, and
is distributed according to  (m + 2mu,1). Here, as usual, (a,b) is used to denote a distribution
on [0, 00) which has density Lz~'et", with Z = [~ 2~ le " da.

Next, consider the branching that results from exploring the neighborhood of a random vertex in
G,, in a ball of radius bigger than one. In each step of this exploration, we will nd two kinds of
children of the current vertex k: those which were born before k, and were attached to k& at the
birth of &, and those which were born after k£, and were connected to & at their own birth. There
are always either m or m — 1 children of the rst kind (if £ was born after its parent, there will be
m — 1 such children, since one of the m edges sent out by k& was sent out to k’s parent, otherwise
there will be m children of the rst type). The number of children of the second kind is a random
variable.

In the limit n — oo, this branching process leads to a random tree whose vertices, a, carry three
labels: a \strength" ~; € (0, c0) inherited from the -random variables ¢y, a \position" z; € [0, 1]
inherited from the random variables S;_1, and a type which can be either L (for \left") or R (for
\right"), re ecting whether the vertex k& was born before or after its parent. While the strengths of
vertices of type R turns out to be again (m + 2mu, 1)-distributed, this is not the case for vertices
of type L, since a vertex with higher values of ¢, has a larger probability of receiving an edge from
its child. In the limit, this will be re ected by the fact that the strength of vertices of type L is
(m + 2mu + 1, 1)-distributed.

2.8.2. Formal Definition

The main goal of the previous subsection was to give an intuition of the structure of the neigh-
borhood of a random vertex. We will show that asymptotically, the branching process obtained by
exploring the neighborhood of a random vertex kg in G,, is given by a random tree with a certain
distribution. In order to state our main theorem, we give a formal de nition of this tree.

Let F' be the Gamma distribution (m + 2mu, 1), and let F’ be the Gamma distribution (m + 2mu + 1, 1).
We de ne a random, rooted tree (7', 0) with vertices labeled by nite sequences

a:(oaalaa%"'aal)

inductively as follows:
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e The root (0) has a position z¢ = y, where yo is chosen uniformly at random in [0, 1]. In the
rest of the paper, for notational convenience, we will write 0 instead of (0) for the root.

e In the induction step, we assume that a« = (0,a1,as,...,a;) and the corresponding variable
x5 € [0,1] have been chosen in a previous step. De ne (a,j) as (0,a1,a2,...,a;,7),i=1,2,...,
and set

[ m if a is the root or of type L
m‘(a)_{ m—1 ifais of type R.
We then take
) F if a is the root or of type R
Ya F’" if ais of type L.

independently of everything previously sampled, choose 5,1y, - - -, %(,m_(a)) i-1.d. uniformly
at random in [0, zg], and z(am_(a)+1) - - - » T(a,m_ (a)+q.) @S the points of a Poisson process with
intensity

¥l

o)z = o da ©)

Lg
on [z, 1] (recall that 0 < ¢ < 1). The children of a are the vertices (a,1), ..., (a,m_(a) +qz),
with (a,1), ..., (a,m_(a)) called of type L, and the remaining ones called of type R.

We continue this process ad in nitum to obtain an in nite, rooted tree (7',0). We call this tree the
Polya-point graph, and the point process {z;} the Polya-point process.

2.4. Main Result

We are now ready to formulate our main result, which states that in all three versions, the graph
G, converges to the Polya-point graph in the sense of [BS01].

Let G be the set of rooted graphs, i.e., the set of all pairs (G, z) consisting of a connected graph G
and a designated vertex x in G, called the root. Two rooted graphs (G, z), (G',2") € G are called
isomorphic if there is an isomorphism from G to G’ which maps = to z’. Given a nite integer r,
we denote the rooted ball of radius » around z in (G,z) € G by B.(G,z). We then equip G with
the o-algebra generated by the events that B,.(G, x) is isomorphic to a nite, rooted graph (H,y)
(with r running over all nite, positive integers, and (H,y) running over all nite, rooted graphs),
and call (G, ) a random, rooted graph if it is a sample from a probability distribution on G. We
write (G, z) ~ (G',2") if (G, z) and (G’, z") are isomorphic.

Definition 2.1. Given a sequence of random, finite graphs G, let k((]") be a uniformly random

vertex from Gy,. Following [BS01], we say that an infinite random, rooted graph (G,x) is the weak
local limit of Gy, if for all finite rooted graphs (H,vy) and all finite r, the probability that B,.(G,, k:(()n))
is isomorphic to (H,y) converges to the probability that B,.(G, ) is isomorphic to (H,y).

The main result of the paper is the following theorem.

Theorem 2.2. The weak local limit of the all three variations of the Preferential Attachment model
is the Pdlya-point graph.

Recently, and independently of our work, Rudas et al. [RTV07] studied the random tree resulting
from the preferential attachment model when m = 1. They derived the asymptotic distribution of
the subtree under a randomly selected vertex which implies the Benjamini-Schramm limit. Note
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that when m = 1, there is no distinction between the independent, conditional, and the sequential
model.

As alluded to before, the points x5 of the Polya-point process represent the random variables Sj,_;

of the vertices in G,,, which in turn behave like (k/n)X as n — oo. The variable y; = z}l/x thus

represents the birth-time of the corresponding vertex in G,,. This is made precise in the following
corollary to the proof of Theorem 2.2. As the theorem, the corollary holds for all three versions of
the Preferential Attachment model.

Corollary 2.3. Given r < co and € > 0 there exists a ng < oo such that for n > ng, there exists
a coupling p between a sample T of the Pdlya-point and an ensemble {G,,vo} where G,, has the
distribution of the preferential attachment graph of size n, and vg is a uniformly chosen vertex of
G, satisfying: with p probability at least 1 — €, there exists an isomorphism a — ks from the ball
of radius r about 0 in (T,0) into the ball of radius r about vy in G, with the property that

a

Ya — <e
n

for all a with distance at most r from the root in (T,0). Here yg is defined as yz = a:}l/x.
The numerator z¢ = 2 in (5) thus expresses the fact that in the preferential attachment process,
earlier vertices are more likely to attract many neighbors than later vertices.

2.5. Subgraph Frequencies

A natural question concerning a sequence of growing graphs (G,,) is the question on how often a
small graph F' is contained in G,, as a subgraph. This question can be formalized in several ways,
e.g., by considering the number of homomorphisms from F into G,, or the number of injective
homomorphism, or the number of times F' is contained in GG, as an induced subgraph.

For graph sequences with bounded degrees, this leads to an alternative notion of convergence, by
de ning sequence of graphs to be convergent if the homomorphism density ¢(F, G,,) { de ned as the
number of homomorphisms from F' into GG, divided by the number of vertices in G,, { converges for
all nite connected graphs F [BCL*06b, BCL™]. Indeed, for sequences of graphs G,, whose degree
is bounded uniformly in n, this notion can easily be shown to be equivalent to the notion introduced
by Benjamini and Schramm; moreover, the corresponding notions involving the number of injective
homomorphisms, or the number of induced subgraphs, are equivalent as well, see [BCLT06b], Section
2.2 for formulas expressing these various numbers in terms of each other.

But for graphs with growing maximal degree, this equivalence does not hold in general. Indeed,
consider a sequence of graphs with uniformly bounded degrees, augmented by a vertex of degree n'/2.
Such a vertex does not change the notion of convergence introduced by Benjamini and Schramm;
but the number of homomorphism from a star with 3 legs into this graph sequence grows like n3/2,
implying that the homomorphism density diverges.

To overcome this di culty, we will consider maps  from V(F’), the vertex set of F, into V(G,,), the
vertex set of G,, which in addition to being homormorphisms also preserve degrees. More explicitly,
given a graph F and a map n : V(F) — {0,1,2,...}, we de ne inj(F,n;G,) as the number of
injective maps : V(F) — V(G,,) such that

1. Ifij € E(F), then () (j) € E(G,) ;
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2. dpiy(Gn) = di(F) + n(i) for all i € V(F),

where E(F) denotes the set of edges in F', and d;(F) denotes the degree of the vertex ¢ in F'.
The following lemma is due to Laci Lovasz.

Lemma 2.4. Let D < oo, and let G, be a sequence of graphs that converges in the sense of
Benjamini and Schramm. Then the limit

NF,n) = lim

1 . )
Rllls mln](F, n, Gn)

exists for all finite connected graphs F and all maps n: V(F) — {0,1,2,...}.

As stated, the lemma refers to sequences of deterministic graphs. For sequences of random graphs,
its proof gives convergence of the expected number of the subgraph frequencies mmj(ﬂ n;G,).
To prove convergence in probability for these frequencies, a little more work is needed. For the case
of preferential attachment graphs, we do this in Section 5.4.3, together with an explicit calculation
of the actual values of these numbers.

Remark 2.5. When G,, has multiple edges, the definition of inj(F,n; G,) has to be modified. There
are a priory several possible definitions; motivated by the notions introduced in [BCLT 06b] we chose
the definition

ing(F,n; Gyp) = Z H Mma(iya () (Gn) ™ )

® ijeE(F)

where the sum goes over injective maps : V(H) — V(G,) obeying the condition (2) above with
di(H) and dg;(G,) denoting degrees counting multiplicities, and where m;;(H) is the multiplicity
of the edge ij in H (and similarly for meyao;)(Gr)). With this definition, the above lemma holds
for graphs with multiple edges as well.

3. Proof of Weak Distributional Convergence for the Sequential Model

In this section we prove that the sequential model converge to the Polya-point tree.

3.1. Pdolya Urn Representation of the Sequential Model

In early twentieth century, Polya proposed and analyzed the following model known as the Polya
urn model (see [Dur96]). The model is described as follows. We have a number of urns, each holding
a number of balls, and at each step, a new ball is added to one of the urns. The probability that
the ball is added to urn i is proportional to N; + u where N; is the number of balls in the i-th urn
and u is a predetermined parameter of the model.

Polya showed that this model is equivalent to another process as follows. For every i, choose at ran-
dom a parameter (which we call "'strength™ or "attractiveness') p;, and at each step, independently
of our decision in previous steps, put the new ball in urn ¢ with probability p;. Polya speci ed the
distribution (as a function of « and the initial number of balls in each urn) for which this mimics
the urn model. A particularly nice example is the case of two urns, each starting with one ball and
u = 0. Then p; is a uniform [0, 1] variable, and p, = 1—p;. Polya showed that for general values of u
and {N;(0)}, the values of {p;} are determined by the g-distribution with appropriate parameters.
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It is not hard to see that there is a close connection between the the preferential attachment model
of Barabasi and Albert and the Polya urn model in the following sense: every new connection that
a vertex gains can be represented by a new ball added in the urn corresponding to that vertex.

To derive this representation, let us consider rst a two urn model, with the number of balls in
one urn representing the degree of a particular vertex k, and the number of balls in the other
representing the sum of the degrees of the vertices 1,...,k — 1. We will start this process at the
point when n = k and k has connected to precisely m vertices in {1,...,k — 1}. Note that at this
point, the urn representing the degree of £ has m balls, while the other one has (2k — 3)m balls.

Consider a time in the evolution of the preferential attachment model when we have n — 1 > k old
vertices, and i — 1 edges between the new vertex » and {1,...,k — 1}. Assume that at this point
the degree of & is dj, and the sum of the degrees of 1...,k—1is d-. At this point, the probability
that the *" edge from n to {1,...,n — 1} is attached to k is

d. 2mao + (1 — Oé)dk
+(1- =
T () R A ) Sl o ) e ppespray ¢ gy 4 ©)
while the probability that it is attached to one of the nodes 1,....,k —1 s
kE—1 dey 2ma+ (1 — a)d<g
+ (1 — = . 7
1T T oD - 2 — ) F ama+ - )G = 1) 0

Thus, conditioned on connecting to {1, ..., k}, the probability that the i*" edge fromn to {1,...,n—
1} is attached to % is

%(Zmu + dk)

while the conditional probability that it is attached to one of the nodes 1,...,k—11is
1

where Z is an appropriate normalization constant. Note that the constant « in (1) was chosen in
such a way that the factor « appearing in these expressions does not depend on 4, which is crucial
to guaranty exchangeability.

Taking into account that the two urns start with m and (2k — 3)m balls, respectively, we see that
the evolution of the two bins is a Polya urn with strengths v, and 1 — v, where v, ~ B =
B (m + 2mu, 2k — 3)m + 2mu(k — 1)).

Proof of Theorem 2.1. Using the two urn process as an inductive input, we can now easily construct
the Polya graph de ned in Theorem 2.1. Indeed, let X; € {1,2,..., [%1} be the vertex receiving
the t*" edge in the sequential model (the other endpoint of this edge being the vertex [%] +1). For
t < m, X, is deterministic (and equal to 1), but starting at ¢ = m + 1, we have a two urn model,
starting with m balls in each urn. As shown above, the two urns can be described as Polya-urns with
strengths 1 — 4> and 5. Once ¢t > 2m, X, can take three values, but conditioned on X; < 2, the
process continues to be a two urn model with strengths 1 — ), and 5. To determine the probability
of the event that X; < 2, we now use the above two urn model with £ = 3, which gives that the
probability of the event X; < 2 is 1 — 13, at least as long as ¢t < 3m. Combining these two urn
models, we get a three urn model with strengths (1 — ¥2)(1 — ¥3), ¥2(1 — ¥3), and 3. Again, this
model remains valid for ¢ > 3m, as long as we condition on X; < 3.

Continuing inductively, we see that the sequence X; evolves in stages:
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e Fort=1,...,m, the variable X; is deterministic: X; = 1.

e For t = m+1,...,2m, the distribution of X; € {1,2} is described by a two urn model with
strengths 1 — ¢, and 1o, where 15 ~ Bs.

e In general, for ¢ = m(k — 1) +1,..., km, the distribution of X; € {1,...,k} is described by a
k urn model with strengths

k
o=y T A-v), =1 .k ©)
i=j+1
Here vy, ~ B, is chosen at the beginning of the k*" stage, independently of the previously
chosen strengths 1, ..., 1,1 (for convenience, we set ¢); = 1).
Note that the random variables prc) can be expressed in terms of the random variables introduce
in Theorem 2.1 as follows: by induction on k, it is easy to show that

Sk="T] @—vw. ©)

j=k+1

This implies that
k) = Y5
<)07 Ska

which relates the strengths go(vk) to the random variables de ned in Theorem 2.1, and shows that
the process derived above is indeed the process given in the theorem. O

In order to apply Theorem 2.1, we will use two technical lemmas, whose proofs will be deferred to
a later section. The rst lemma states a law of large numbers for the random variables Sj.

Lemma 3.1. For every € there exist K < co such that for n > K, we have that with probability at

least 1 — e,
k X
max |Sg — <> <e
ke{l,...n} n
and
E\X E\X
max |S; — () < e() .
ke{K,...,n} n n

The second lemma concerns a coupling of the sequence {i; },>1 and an i.i.d. sequence of -random
variables {xx}xr>1, where x; ~ (m + 2mu, 1). To describe the coupling, we de ne a sequence of
functions fj : [0, 00) — [0,1) by

P(r < fe(2)) = P(xr < 2). (10)

Then fi(xx) has the same distribution as vy, implying that ({xx}x>1, {fx(xx)}x>1) de nes a cou-
pling between {x}r>1 and {¢y }r>1.

Lemma 3.2. Let fj be as in (10), and let {xx}x>1 i.7.d. random variables with distribution (m+
2mu, 1). Given € > 0 there exist a K < oo so that the following holds:

(i) With probability at least 1 — e,

xr <log’k  forall k> K; (11)
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(i) For k > K and x < |Og2 k,

1—c¢ < fl2) < l+e¢
2mk(L+u). =P = @+ 0

(12)

We defer the proof of Lemmas 3.1 and 3.2 to Section 3.6.

3.2. The Exploration Tree of G,

Let K, = K,.(G,, ko) be the set of vertices in G,, which have distance at most » from the random
root kg, and let BT(Gn,kzo) be the graph on K, that contains all edges in G,, for which at most
one endpoint has distance < r from k,. When proving that the preferential model converges to
the Polya-point graph, we will use the notion of convergence given in De nition 2.1, but instead of
the standard ball of radius r, we will use the ball modi ed ball BT(G", ko). (It is obvious that this
de nition is equivalent).

We will prove our results by induction on r, using the exploration procedure outlined in Section 2.3.1
in the inductive step. To this end, it will be convenient to endow the rooted graph (G,, ky) with
a structure which is similar to the one de ned for the Polya-point graph. More precisely, we will
inductively de ne a rooted tree (Tr(”), 0) on sequence of integers a = (0, a1, as,...,a;), and a homo-
morphism
k™ T 5 B (G, ko) :a— ka

as follows.

We start our inductive de nition by mapping 0 into a vertex kq chosen uniformly at random from
the vertex set {1,...,n} of G,. Given a vertex a = (0,ay,as,...,a;) € 7™ and its image kg in
G,, let d; be the degree of k; in G, and let k;_,k1,...,kq,—1 be the neighbors of k; in G,
where a_ = (0, a1, as,...,a;_1). Recalling that edges were created one by one during the sequential
preferential attachment process, we order k4, ..., kq,—1 in such a way that for all : =1,...,d; — 2,
the edge (ka, k;) was born before the edge (kg, kit+1). We then de ne the children of a to be the
points (a,1), ..., (a,d; — 1). This de nes T'?). The map k("1 is the extension of k(") which maps
(a,1),...,(a,dz — 1) to the vertices ki,...,kq,—1, respectively. We call a vertex (a,:) early or of

type L if k; < kz_ and late or of type R otherwise. Note that the root and vertices of type L have
m children of type L, while vertices of type R have m — 1 children of type L.

To make the dependence on G,, explicit, we often use the notation 7..(G,,) for the tree TT("), and the
notation k(")(G,,) for the map k("). Note that k(") does not, in general, give a graph isomorphism
between 7™ and B,.(G.,, ko). But if the map is injective when restricted to TT(”), it is a graph
isomorphism. To prove Theorem 2.2, it is therefore enough to show that for all r, the map k() is
injective and the tree Tﬁ”’ converges in distribution to 7)., the ball of radius r in the Polya-point
graph (7,0).

3.3. Regularity Properties of the Pdélya-Point Process

In order to prove Theorem 2.2, we will use some simple regularity properties of the Polya-point
process.

Recall the de nition of the Polya-point graph (7',0) and the Polya-point process {z;} from Sec-
tion 2.3.2, as well as the notation p;(x)dz for the intensity de ned in (5). As usual, we de ne the
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height of a vertex a = (0, a1, as,...,q;) in T as its distance [ from the root. We denote the rooted
subtree of height r in (7,0) by (7., 0).

Lemma 3.3. Fiz 0 < r < 0o and € > 0. Then there are constants § > 0, C' < oo, K < oo and
N < oo such that with probability at least 1 — €, we have that

xz > 0 for all vertices a in T,
7 < C

Proof. The proof of the Lemma is easily obtained by induction on r. We leave it to the reader. [

Corollary 3.4. For all e > 0 and all r < oo there is a constant § > 0 such that with probability at
least 1 — €, we have
min |z — za| > 0.
a,beTy
a#b
Proof. This is an immediate consequence of the continuous nature of the random variables x; and
the statements of Lemma 3.3. O

3.4. The Neighborhood of Radius One

Before proving our main theorem, Theorem 2.2, for the sequential model, we establish the following
lemma, which will serve as the base in an inductive proof of our main theorem.

Lemma 3.5. Let G, be the sequential preferential attachment graph, let ko be chosen uniformly at
random in {1,...,n}, and let ko1, ..., kom+q, De the neighbors of ko, ordered as in Section 3.2 by
the birth times of the edges {ko, ko;}. Then (Gn, ko) and the Pdlya-point process {xz} can be coupled
in such a way that for all € > 0 there are constants C; N < oo, d > 0 and ng < oo such that for
n > ng, with probability at least 1 — €, we have that

i. Tv=T1(G,) and |T1(G,)| < N;

it. |xqg — Sk.—1] < € for all a € Ty,
i11. ko, Kkot, ..., kom+q, are patrwise distinct and kg > én for all a € Ty;
W. Xk = Ya S C forall a€cT.

Proof. (i-i5): We start by proving the rst two statements. Choose y, uniformly at random in
[0,1], let 2o = y, and let To,1,- -, T0,mtq, D€ the positions of the children of 0 in (7',0). De ne
ko = [nyo], so that kg is distributed uniformly in {l, ...,n},and fori=1,...,m, de ne ky; by

Skm
By Theorem 2.1 and the observation that Uy, 1 = f”,— y Ukgm = 2’“ are i.i.d. random variables
chosen uniformly at random from [0, 1], we have that mdeed with Iarge probability, ko1, ..., kom

are close enough to the g ;-s.

Indeed, given ¢ > 0 choose 0, C, K and N in such a way that the statements of Lemma 3.3 and
Corollary 3.4 hold for » = 1, and let ¢ = min{¢, §/4}. By Lemma 3.1 there exists a constant ny < oo
such that for n > ng, we have that

|Sk0,1 — (L’0| < ¢ and |Sk0i71 — in' < e forall i= 1, e, m (13)
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with probability at least 1 — 2e.

To understand the limiting distribution of the remaining neighbors, ko y41, - .., ko0,m+q,, Of ko, We
observe that conditioned on the random variables ¢, ..., v,, each vertex k > kq has m independent
chances of being connected to ko, corresponding to the m independent events {Xy; = ko}, ¢ =
1,...,m, where we used the shorthand X ; for the interval containing the endpoint of the i*" edge
sent out from & (it is related to the random variables X; introduced in the proof of Theorem 2.1
via Xkﬂ‘ = X(k_2)m+i). Let

1 Sk

Py = @koa = Sk71¢k0 (14)

be the probability of the event { X}, ; = ko}, and let Ny, (v) = >.1", Z,E":y,JO I(Xk,; = ko) where I(A)
is the indicator function of the event A. We want to show that IV, (-) converges to a Poisson process
on [yo, 1].

By Lemma 3.3, we have that ky > nxzy > nd with probability at least 1 — ¢, which allows us to apply
Lemmas 3.1 and 3.2 to show that for n large enough, with probability at least 1 — 2¢, we have

_ 1 Xko n /ko\X
pk*}k‘()(l —€) < Py <(1+ G)pk%ko where pk‘)kg = %mkz (Z)

For y > yo, let X, () = Y7, o4 #9, where {£.%), 1 are independent random variables such

) k—kg ) —
that $), = 1 with probability £;_,;, and $,"), =0 with probability 1 — £ _,y,. It follows from
standard results on convergence to Poisson processes (and the fact that v, has the same distribution

X
as xx,) that ]Qyu(-) converges weakly to a Poisson process with density 2(u101)y0 (%’) on [yg,1]. A

change of variables from y to x = yX now leads to the Poisson process with density

o a¥l gt

=7
21 +u)x 2y zy

on [zo,1]. Combined with a last application of Lemma 3.1 to bound the di erence between Sy, _1
and (ko;/n)X, this proves that zg 41, ... s Tntq) € [x0,1] and ko 1, - .-, Ko,m+q, Can be coupled
in such a way that for » large enough, with probability at least 1 — 3¢, we have that ¢o = ¢{ < Q =
N-m-—1, xx, =7 < C and

‘$07i 7Sk0,i—1| < e for i=m+1,....,m+q. (15)

Since ¢ > 0 was arbitrary, this completes the proof of the rst two statements of the lemma.

(4i7) To prove the third statement, we use the bounds (13) and (15), and a nal application of
Lemma 3.1, to establish the existence of two constants ¢’ > 0 and n{, < oo such that for n > ny,
with probability at least 1 — 4e,

ka>d&n forall acTi(G)) (16)
and
|ka — ky| > &'n forall a,beTi(G,) with a#b,
implying in particular that ko, ko1, . . . , kom+q, are pairwise distinct.
(év) To prove the last statement, let us assume that that v, < C, and that ko1, ..., ko m+e are

pairwise distinct, with ko; < ko for ¢ < m, ko; > ko for ¢ > m, minky; > nd’ and ¢ < Q. Let A be
the event that we have chosen ky as the uniformly random vertex and that the neighbors of k, are
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the vertices ko1, ..., ko mtq. LEL x?7 be the collection of random variables {X& } kK, conditioned
on xx, =70 and A. We will want to show that y*7 can be coupled to a collection of independent
random variables {$x}x-x, such that YA = {8 }rk, With probability at least 1 — ¢, and

o {F,; if k€ {kot, ..., Kom}

. an
F,.  otherwise

Let p(- | A, xx,) be the density of the (multi-dimesional) random variable x47°, and let P(-) be the

joint distribution of G,, and the random variables x1, ..., x,. By Bayes’ theorem,
P(A |- Xko=0)
. 147 0 = = 0 ), 18
pC | A; Xko = 70) P xi= 70) po() (18)

where p, is the original density of the random variables {x}r.r, (We denote the corresponding
probability distribution and expectations by P, and Ej, respectively).

We thus have to determine the probability of A conditioned on xq, ..., x,. With the help of Theo-
rem 2.1, this probability is easily calculated, and is equal to

m q
P(A | {Xk}) =m! H Pk0—>kOi H mpko,m+j—>k0 (1 - Pko‘m+_7’—>ko)m71
i=1 j=1
X H (1 - Pk—>k0)

k>ko:k¢{ko,m+1,---,k0,m+q}

m
=m! H Pko_ﬂgm.
J

i=1

q
mPk;(),m+]’~)k)() H (1 _ Pk . )m
— ko
1 L Pro ko k>ko

where P, _.; is the conditional probability de ned in (14). By Lemma 3.1, this implies that given
any ¢ >0, we can nd ng < oo such that for n > ng, we have that with probability at least 1 — ¢’
with respect to Fp,

' - koi \ s ko \ X ko\ X
o-omattun = ([ ()T v (2) ol 28

j=m+1 k>ko
<(1+HPMA | D)

To estimate P(A | xx,) = Eo[P(A4 | {x«})], we combined this bound with the deterministic upper
bound

m q m
1
P(A | {xx}) <m! H Pro—ko H mPry ko < ﬁ(mwko)q Hwkm

=1 Jj=1 i=1
m x mtq X
o (FLon ()" T o (22" ) ool 5 (5))
ko j=m+1 03 k>ko

where C’ = (§')~ (™t @ sup,, ., emforn (O,

These bounds imply that given any ¢ > 0, we can nd an ny < oo such that for n > ng, with
probability at least 1 — ¢/ /2 with respect to Py, we have

— wkm P(A ‘ {Xk}) / 7 i wkm
Vise HEo(wko,) = Pl VT EEo(wko,)'
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With the help of Lemma 3.2, this shows that for n large enough, with probability at least 1 — ¢/,
we have

. Xkos P(A [ {x+}) Xkos
@ Hl%um‘—mex)—“+ HIoum

Recalling (18) and the de nition of the random variables {{; }xx,, We therefore have shown that
with probability at least 1 — ¢ with respect to P,

(L =€NPC) < p( | A xio = 70) < (L+€)P(C) (19)

where p is the density of the random variables {$x}rx,. (We denote the corresponding product
measure by P).

To continue, we need to transform statement which happen with high probability with respect to
Py into statement which happen with high probability with respect to £. To this end, we consider
the general case of two probability measures 1 and v such that v is absolutely continuous with
respect to u, v = fu for some non-negative function f € Lo(u). Let o be an event which happens
with probability 1 — ¢’ with respect to p. Then

W0 = [ Flog <\ BPIC ) = OB, (20)

implying that , happens with probability at least 1 — /¢’ E,,(f?) with respect to v.

Applying this bound to the probability measures P, and £, we see that the bound (19) holds with
probability at least 1— v/2¢/ with respect to £, provided n (and hence k1, . . ., ko) is large enough.
Using this fact, one than easily shows that

17— pC | A Xro = 70)|l1 < 26" +2V2¢.

Choosing €' su ciently small (¢ = €2/32 is small enough), we see that the right hand side can be
bounded by e, which proves that x4 and {®x} K, can be coupled in such a way that they are
equal with probability at least 1 — ¢, as required. O

3.5. Proof of Convergence for the sequential model

In this section we show that the sequential model converges to the Polya-point graph. Indeed, we
prove slightly more, namely the following proposition.

Proposition 3.6. Given € > 0 and r < oo, there are constants C; N < 0o, § > 0 and ng < oo such
that for m > ng, the rooted sequential attachment graph (G, ko) and the Pdlya-point process {xz}
can be coupled in such a way that with probability at least 1 — €, the following holds

1. T(Gp)=T, and |T-(Gr)| < N;

2. |xg — Sk,—1| < € for all a € Ty;

3. k("(G,,) is injective, and kg > én for all a € T};
4. Ya = Xk, < C forallaeT,.

Proof. For r =1, this follows from Lemma 3.5 and Lemma 3.3.

Assume by induction that the lemma holds for r < oo, and x 7)., k(")(G,,), {za}aer., {Vataer,
and {xx., Jaer. in such a way that 1{4 hold (an event which has probability at least 1 — ¢ by our
inductive assumption).
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Consider a vertex a € 9T, = T, \ T,—1. We want to explore the neighborhood of k; in G,. To
this end, we note that for all b € T,._;, the neighborhood of k; is already determined by our
conditioning on k(" (G,,), implying in particular that none of the edges sent out from k; can hit a
vertex k € K,._1, unless, of course, a is of type R and k happens to be the parent of k; | in which
case the edge between k and k; is already present. To determine the children of type L of the vertex
ks, we therefore have to condition on not hitting the set K,._;. But apart from this, the process of
determining the children of k; is exactly the same as that of determining the children of the root k.
Since |K,.| < N, k>dnforall k € K,, and x; < C for all £ € K., we have that Zkem o <C'/n
for some C’ < oo, implying that conditioning on k£ ¢ K,._; C K, has only a negligible in uence on
the distribution of the children of k;. We may therefore proceed as in the proof of Lemma 3.5 to
obtain a coupling between a sequence of i.i.d. random variables x5 ; distributed uniformly in [0, z;]
and the children k; ; of k; that are of type L. As before, we obtain that for n large enough, with
probability at least 1 — ¢, we have |Sy, ,—1 — 7a:| < e.

Repeating this process for all k; € 0K, = K, \ K,_1, we obtain a set of vertices L, consisting of
all children of type L with parents in 9K... It is easy to see that with probability tending to one as
n — oo, the set L, has no intersection with K., so we will assume this for the rest of this proof.

Next we continue with the vertices of type R. Assume that we have already determined all children
of type R for a certain subset U,. C 0K,, and denote the set children obtained so far by R, ;. We

decompose this set as R, ; = U/, R\"),, where R"), = {k € R,y1: X, € U, }.
Consider a vertex a € 9K, \ U,.. Conditioning on the graph explored so far is again not di cult,
and now amounts to two conditions:

1. Xy, # kg ifk € K, U Rﬁﬁzl, since all the edges sent out from this set have already been
determined. _

2. Fork ¢ K, U Rf}rl, the probability that k; receives the " edge from & is di erent from the
probability given in (14), since the random variables X, ; has been probed before: we know
that X, ; ¢ K,_; since otherwise k had sent out an edge to a vertex in K,_;, which means

that % would have been a child of type R in K,. We also know that X, ; ¢ U, since otherwise
ke Rﬁl. Instead of (14), we therefore have to use the modi ed probability

1
Pk, = o,
Sk—1
where _
Sk—1 = Z o
k' >kg:

k'¢K,._ 10U,
Since Sg_1 < Sk—1 < Sk—1 + C’/n by our inductive assumption, we can again refer to Lemma 3.1
to approximate Py, by

Py, = L _Xig 1 (k(—l>x.

nm 2L +u) kg \ k
From here on the proof of our inductive claim is completely analog to the proof of Lemma 3.5. We
leave it to the reader to Il in the (straightforward but slightly tedious) details. O

3.6. Estimates for the Pélya Urn Representation

In this section we complete the work started in Section 3.1 by proving Lemmas 3.1 and 3.2.
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Proof of Lemma 8.1. FiX €, and recall that

X=1+2u {11)

2+ 20 L2

Writing Sy, as

Sk = H (1 — ;) =exp ( > Iog(l—z/)j)),

j=k+1 j=k+1

we use the fact that if 0 < 2 < 1 then z < —log(1 — z) < z + 22/(1 — ) to bound

i
11— |
On the other hand, by Kolmogorov’s inequality and the fact that

Var(log(1 — ¢;)) < E[(log(L — ¥))*] < E[¥7 (1 — 1)1,

n

<) E

j=k+1

E [ > Iog(l—wj)] + > Ew)]

j=k+1 j=k+1

we have

> log(l—¢;) — E

j=k+1

> Iog(l—wj)]

j=k+1

P ( max
K<k<n

We will use that for any g, distributed random variable ), we have

_a P2 1 ala+1) 2 _ a(a+1)
BWl= E{l _w] @ po-n M E{(l—w} TO-0-1
Using these relations for a = m + 2mu and b = (25 — 3)m + 2mu(j — 1), we get
. m + 2mu X 1
B = g sz = 5 0 ().
2 1 2 1
EW}1<E 1%] :o(jQ> and E (1%])2] =o(j2>.

>6)<6124§”: Bl—J

17

(21)

(22)

Putting these bounds together, and observing that " L = log(n/k) + O(k™1), we get that

j=k+1 3

there exists a constant K (¢) not depending on n such that with probability at least 1 — ¢, we have

that
ENX ENX
<) e <8< (> e forall K() <k<n.
n n

For k < K(e), we bound S;, < Sk to conclude that with probability at least 1 — e,

- (5)]-0((5))

The lemma now follows.
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Proof of Lemma 3.2. (i) Let a = m + 2mu, so that x; ~ (a,1). Then
P(x), > log? k) < Bletr]e~ 318"k = pag—3losk,

Since the right hand side is sumable, this implies the rst statement of the lemma through the
Borel-Cantelli Lemma.

(ii) Let by, = (2k — 3)ym + 2mu(k — 1) — 1, and let x}, = xx/bx. Then f; can be de ned by
k

P < fu(x)) = P(x} < x/bi)

In order to prove the second statement of the lemma, it is clearly enough to prove that for all
su ciently large k, we have

(1- i < fil@) < for <log’k,
by by,
which in turn is equivalent to showing that

log? &
b

P(pp<-9r) <P(xi<a) <P(y <) for o< (23)

provided % is large enough.

We start by proving that
(@) = P(¢y, < 2) — P(x}, < 2) > 0.

To this end, we rewrite
Y
Pr<n =5 [yt
B Jo
and
/ 1 A a—1_-—b
P(xpy <N =—[| y* e dy,
Z 0

Y

where @ = m + 2mu, b = b, and Z, = [Fy*le%dy and Zz = fol Yy 1(1 — y)bdy are the
appropriate normalization factors. For x < 1, we express (z) as

— 1 ‘ a—1_—by é G yk
() = Zv/o dyy® ‘e <e exp kaZQ ’ 1],

where ¢’ = Z.,/Z5. Note that § > 0 by the fact that (1 —z) < e~2. It is also easy to see that § — 0
as k — oo; indeed, we have § = O(b~1') = O(k~1).

Consider the derivative
d (x) 20— le—bz s > zk
= — — -1
- 7 e’ exp ka:Q - ,

and let x( be the unique root, i.e., let =y € (0,1) be the solution of the equation

5=b§:x .
k=2

W‘oa—
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Then (x) is monotone increasing for 0 < x < xy and monotone decreasing for all = > xy. Together
with the observation that (x) > 0 for all su ciently small z, and (z) — 0 as z — oo, we
conclude that (z) > 0 for 0 < z < co. This proves that P(x). < z) < P(yy <)) for all z > 0.

To prove the lower bound in (23), we will prove that

| =

“@=P(x <o) P <@-92)20 if a<

AN

€
4
. . . 4 4
We decompose the range of z into two regions, depending on whether z > 32 or x < 73.

In the rst region, we express ~(x) as
~(2) = P(qpk >(1- e)x) - P(X;c > x)

et [t 1 [
= 7/ dyy* (1 —y)’ — 7/ dyy* e .
v Jxz(l—¢) Z’Y T
We then bound
o) 2z 00
/ dy(zy)a—le—by < / dyya—le—by / dyya—le—by
T 2z

x

2x [eS)
< / dyyaflefby + 2a71€7bx / dyyaflefby
T T

proving that

oo 2x 2x
/ dy(zy)aflefby < (1 _ 2a7167bz)71 / dyyaflefby < 2/ dyyaflefby7 (24)

where we have used bx > alog 2 in the last step.
On the other hand, using that (1 — y)® > e~%(1+2) if y < 22 < 1/2, we have that

1 2z(1—e¢)
65/ dyya71(1 _ y)b > / dyyaflefby(1+z)
z(1—¢) z(1—e¢)

2z
:/ dyya—l(l _ e)ae_by(l'i-w)(l—e)

2z
2
> (1 _ 6)(1672121’ eebm dyyaflefby

x

2x
> 2/ dyy®~te by,
x

Combined with (24), this proves that ~(x) > 0 if ebx > 4a.
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For ebx < 4a, we bound

1

(@)=

S

2

x z(1—¢)
dyy* e ™ — ¢ / dyy* (1 — y)”)
0

x z(1—¢)
dyyaflefby o 66/ dyyaflefby
0

x z(l—e¢)
/ dyyaflefby . (66 o 1)/ dyyaflefby
(1—e)z 0

ex[(1 — €)z]* te P — (& — l)x“)

(\Y4

N
N N N

c\

>

>

N[5 N[ N[

: (62171167411/6 . 1)) '

Since § — 0 as b — oo, we see that the right hand side becomes positive if £ > K for some K < oo
that depends on a and ¢ (it grows exponentially in a/e). O

4. Approximating Coupling for the Independent and the Conditional Models.

In this section we prove that the sequential and the independent model have the same weak limit.
To this end we construct a coupling between the two models such with probability tending to 1, the
balls around a randomly chosen vertex in {1,...,n} are identical in both models. This will imply
that both models have the same weak local limit.

We only give full details for the coupling between the independent and the sequential model. The
approximating coupling between the conditional and the sequential model is very similar, and the
proof that it works is identical.

We construct the coupling inductively as follows: Let V =1, 2, ... be the vertices of the preferential
attachment graph. For L #n e Vandi=1,...,m let e}, <n and fi < n be the i-th vertex that n
is connected to in, respectively, the sequential and the independent models. We use the symbol e,
to denote the vector {e!, }1 <<, and the symbol f,, to denote the vector {f:},.

By construction, e}, = fi = 1 for all i. Once we know e; and f; for every [ < n , we determine e,
and f,, as follows: Let D; be the distribution of e,,, based on the sequential rule and conditioned
on {e;};<n, and let Dy be the distribution of f,, based on the independent rule and conditioned on
{fi}i<n. Let D be an (arbitrarily chosen) coupling of D; and D, that minimizes the total variation
distance. Then we choose e,, and f,, according to D.

Our goal is to prove the following proposition:

Proposition 4.1. Let (G,) and (G.) be the sequence of preferential attachment graphs in the
sequential and the conditional model, respectively, coupled as above. Let € > 0 and let v be an
arbitrary positive integer. Then there exists an integer ng such that for n > ng, with probability at

least 1 — ¢, a uniformly chosen random vertex ko € {1,...,n} has the same r-neighborhood in G,
and G,

The proof of the proposition relies on following two lemmas, to be proven in Sections 4.2 and 4.3,
respectively.
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Lemma 4.2. Consider the coupling defined above, and fir k > 2. Forn >k, let A, = A%k) be the
event that there exists ani € {1,...,m} such that e\, =k # fi ore’, #k= fi. Then

P <An

Note that under the conditioning, d,_1(k) is the same in both models.

n—1

h=k+1

Lemma 4.3. For the sequential preferential attachment model, for every n and k such that n > k,
let d,, (k) be the degree of vertex k when the graph contains n vertices. Then

=l () 9] () 2

where the constant implicit in the O-symbol depends on m and u.

4.1. Proof of Proposition 4.1

Fix € and r, let B,.(k) and B,(k) be the ball of radius » about & in G,, and G/, respectively, and
let B be the set of vertices k& € {1,...,n} for which B.(k) # B,.(k)’. Then the probability that a
uniformly chosen vertex in {1,...,n} isin B is just 1/n times the expected size of B. We thus have
to show that

E[|B[] < en.

In a preliminary step note that B, (k) = B,.(k)’ unless there exists a vertex k' € B,(k) such that
el, =k # fi,orel, #k = fi, forsomei=1,...,m and some n' > k'.

To prove this fact, let us consider the event A®) =], _, AP 1t is easy to see that this event is the
event that at least one of the edges received by k is di erent in (G,) and (G),). Using this fact, one
easily shows that the ball of radius 1 around a vertex k must be identical in G,, and G/, unless A*")
happens for at least one vertex k' in the 1-neighborhood of & in G,,. By induction, this implies that
B, (k) = B,(k)’ unless there exists a vertex k' € B, (k) such that the event A*") happens, which is
what we claimed in the previous paragraph.

Next we note that by Proposition 3.6, there exist § > 0 and N < oo such that with probability at
least 1 — ¢/2, a random vertex k € {1,...,n} obey the two following two conditions:

1. the ball of radius 2r around & in the sequential graph G,, contains no more than N vertices;
2. the oldest vertex (the vertex with the smallest index) in this ball is no older than én.

If we denote the set of vertices satisfying these two conditions by W, we thus have that
EIW( = @ - Hn.
As a consequence, it will be enough to show that
E[W N B|] < %n

If £ € W N B, there must be a vertex k' € B,(k) such that the event A*) happens. But k¥’ € B,.(k)
if and only if £ € B,.(k'), and since B, (k') C Ba,(k), we must further have that |B.(k¥'| < N and
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k' > dn. As a consequence,

wnB =Y 1keB) <> Y 1a®)

% kEW k' €B, (k)

=3 14®)) N I(kew)
=

keB, (k")
<N YA,
k'=én

where we used the symbol I(A) to denote the indicator function of the event A.
Finally by Lemmas 4.2 and 4.3,

Py <ow S A(3) =o(2).
n>k

As a consequence we can nd a constant C such that

. C
E[WNB[J<N »_ = SCN/6.
k'=nd

For n large enough, the right hand side is smaller than $n, which is the bound we had to establish.

4.2. Proof of Lemma 4.2

Proof. Let us the shorthand d for the degree d* . In the independent model the probability of
having r connections to k and h = m — r connections to other vertices in {1,...,n — 1} is

a (1-a)d
n—1 2mn—-2)’

(’f)pr(l—p)h with p=

while in the sequential model it is

m—1

(T:) :_f[:pl E 1—p)

with
2ma+ (1 —a)(d+1) it 1 <
2m(n — 2) + 2ma+ (1 — o)l "
p=mp(r) =
2ma+ (1 —a)(d+r) 1>

2m(n — 2) + 2ma + (1 — a)l
(Here we used exchangeability and (6)).
As a consequence, the probability in (25) is bounded by a constant times
r—1 m—1
max L]}) n 11;[ - pz)] -p"L-p)"|. (27)

r=0,...,
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Telescoping the di erence, we bound (27) by

max (Zplpz p| H pw"‘ZP(l P I —p) - L —p) H a- pw)

U'=l+1 U'=l+1
< max (TIZIM pl+p" le pz>7

where p = max{p, p1, . ..,pm} = O(d/n). We now distinguish three cases.

(i) If » > 2, we use the fact that p — p; = O(1/n) to get a bound of order O(p/n) = O(d/n?) for
both sums;

(i) if » = 1, we use the fact that the rst sum is equal to [py — p| = O(1/n?), while the second can
be bounded by O(p/n) = O(d/n?) as before;

(iii) If r = 0, we use that fact that

_ 2ma+ (1 —a)d
n(0) = 2m(n — 2) + 2ma + (1 — a)l
- w00 ) 06
=p+0(d/n?)

to show that for » = 0, all terms in the sum """ |p — py| are of order O(d/n?).
This completes the proof of the lemma. O

4.3. Proof of Lemma 4.3

As before, we use ¢ ”) for

oy = i H @ ).

i=k-+1

By construction,
(n—1)m

du(Ry=m+ 3 U (28)
t=(k—1)m+1
where the variables {ut} are de ned as follows: Let {{;}22, be i.i.d. U[0,1] variables, independent
of the pg-s. Then U, = U <p{/m- Note that conditioned on {go(”}JZk, {U;}-s are independent,
each being Bernoulli /™D,

Let F be the o-algebra generated by {v,}7° ;. Then

n—1
E(d(R)|F) =m+m>_ o). (29)

By (21),

=

< E(x) < (30)

*kl
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which in turn implies that

BT = Bt [ (1- ) < 25 I (1-2)

i=k+1 i=k+1
l
= k:)—(leXp(_X > %) = kfleXp<_X'°g(£iD>
i=k
_ X (k+I\x "
_k—1(£+1> ’

implying that

x N 1 X
Fld, (k)]<m+mx(k+11) Z(gil) <m+mx(k‘k+1]? /I€1 dx(

- 1i<x(kk+ll) ( — K X)

Sren (D)
X

<o) )

i=k+1 i=k+1
4
_X i=2\x _ x(k—1yx
Tk (2—1) _k<£—1>
1=k+1
implying that
(-1} 1 \x (k—1)x [
Bl (k)] = m +mx-— Z(é—l) > m o+ myx=— /kdx(
_ X (k-1* 1-x 1-x
—m+m1_ 2 (( —1) _(k_l) )

=mem 2 ((21) )

e ()90

1
r+1

xil)

P

X

24

(31)

(32)
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5. Applications

5.1. Degree Distribution of an Early Vertex

In this section, we will show that for n > k > 1, d,,(k) grows like (%)1_" = (%)WWH). To give

the precise statement, we need some de nition. To this end, let us consider the random variables

14
G 1-9;
M= 1] —=%
joian L ElYs]

The bounds (21) and (22) imply that the second moment of M,ge) is bounded uniformly in ¢, so
by the martingale convergence theorem M,g) converges both a.s and in L2 Since 1 — E[y;] =

(jj;.l)x +0(j~2), this also implies that the limit

T i Y o (T
o= jim ] a-e(-25) =im (1) I a-w @)
Jj=k+1 j=k+1

exists a.s. and in L2. In the following lemma, Op(k~'/2) stand for a random variable A such that
AK'/2 is bounded in probability.
Lemma 5.1. Consider the sequential model for some a and m, and let Fy, be as above. Then

dn (k) m
nl—x 1—x

KXY Fr as n — oo, (34)

both in expectation and in distribution. Furthermore
F, >0 as. forallk>1 logF,=0p(k "?) and E[F]=1+0k™"),

implying in particular that

. Eldn(R)] _ mx
nll—[go nl=x - 1—x ]fle(

1+ O(kb)).

Remark: Note that (34) holds also for the independent and the conditional models. The reason
is that by the approximating coupling, the total variation distance between the degree distribution
of vertex number k in the sequential model and that of vertex number & in the independent (or
conditional) model goes to 0 as k& goes to in nity, and the convergence is uniform in n (the size of
the graph).

Proof. We rst consider the conditional expectation E[d,,(k)|F], where, as before, F is the o-algebra
generated by {¢,,}72 ;. Fix ¢, and let K be such that for ¢ > K,

o= (3)" I a-vi], =

j=k+1

Bounding

n—1
| Bt 171 = 3 mel? | < mic
=K
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we then approximate

n—1 n—1 14 n—1 X
S =mun Y L a-wpy=mun Y (7) (A+0@)
=K =K

(=K j=k+1

=n'"x <1ka¢ka + 0(6)> )
- X

where the errors O(e) stand for errors in L2. We thus have show that as n — oo,

1

nl—x

Eldy (k)| F] = ———kXapy F,
1-x

in L2. Taking expectations on both sides, we obtain that (34) holds in expectation.

To prove convergence in distribution, it is clearly enough to show that E[d, (k)|F] — d, (k) — 0 in
probability. But this follows by an easy second moment estimate and the observation that

Eldn(k)*|F] < Elda(k)|F1? + Eldn (k)| F]-

Next we observe that the bounds established in Section 3.6 imply that there is a constant C' < co
such that for k& > 2,

|log M,"| §6+%

with probability at least 1 — % Since these bounds are uniform in ¢, they carry over to the limit,
and imply both that a.s. Fj, > 0 forall xed k > 2, and that log Fj, = Op(k~'/2) as k — oco. To prove
that a.s. F; > 0, we note that Fy /F; is proportional to 1—1,. The bound E[F}] = 1+O(k~1) nally

follows from the fact that E[M/\"'] = 1 and the observation that 1 — E[;] = (in)x +0(j~2). O

5.2. Degree Distribution

By Theorem 2.2 and the Corollary 2.3, the limiting degree distribution of the preferential attachment
graph G,, is exactly the degree distribution of the root of the Polya-point graph. As we will see,
this allows us to explicitly calculate the limiting degree distribution of the preferential attachment
graph. In a similar way, it also allows us to calculate the limiting degree distribution of a vertex
chosen at random from the vertices that receive an edge from a uniformly random vertex vy in G,,.
We summarize the results in the following lemma.

Lemma 5.2. Let vg be a uniformly chosen vertex in G, let D be the degree of vg, and let D’
be the degree of a vertex chosen uniformly at random from the m vertices which received an edge
from vy. In the limit n — oo, the distribution of D and D’ for all three versions of the preferential
attachment graph converge to

3 g+l (a+ g+l (k + a)
P(D=m+k)= " (a) (a+i+k:+2)

and

p+1 @+ 5+ (k+1) (k+a+1)
V2 (a+1)  (a+L+k+3)

P(D'=m+1+k)=
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where a = m + 2mu. As k — oo, this gives
P(D=m+k)=Ck 2 31 +0(k")

and .
P(D'=m+1+k)=Ck o1+ 0(™Y))

for some constants C' and C depending on m and «.
Note that for o = 0, the statements of the lemma reduce to

2m(m + 1)
(m+E)(m+k+D(m+k+2)

P(D=m+k) =

and
2(m +1)(k+1)

(m+k+D(m+E+2)(m+Ek+3)

P(D'=m+1+k)=

27

Proof. First we condition on the position xy of the root of the Polya graph. Let D be the degree of

the root. D conditioned on zq is m plus a Poisson variable with parameter

1
%/ wxwfldxz
0 Yo

where ~ is a Gamma variable with parameters a = m + 2mu and 1. Let

1—2?
Kk = k(xg) = xgo.
Then i .
_ _ (k+a) K _ (k+a) (1 —=5) u
PO =m+ ko) = S Gy~ @ e G0
k
QT
and

1
P(D=m+k)=(w+l)/ P(D =m+ k|zg = z)z¥dx

:(1/) kl () / (1 w)k a+1zpdz

_¢Y+1 (k+a) ko a+d
= @) / Q-ypry iy
k+1

_y+1 (k"' a)
P Ha+ + 4

_¢+1 (k+a) (a+a+1>
Y (@ (a+i+k+2)]

(35)
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To calculate the distribution of D’, we chose gy, uniformly at random from [0, zo]. Conditioned on
Yo, the limiting degree D’ is equal to m + 1 plus a Poisson variable with parameter

/ 1 P
1 _

’71/) / wxwfldl‘ — ’Y/ wyo ’
Yo Jvo Yo

where +/ is a Gamma variable with parameters « + 1 and 1. Continuing as before, this gives

(k+a+1)

e Gy (36)

P(D'=m+1+kly=y)=

1 o

P(D’=m+1+k)=(w+1)/0 d:cozz:g’x—];)/o dyP(D' = m+ 1+ klyg = y)
(k+a+1)/1 v—l/x Pyk, (a+1)0

= +1)Y— 7 p 1— :,,(a

R Ty | dax Ody( ¥y
_ Y+l (k+a+1) [!
T2 K (a+1)
Exchanging the integral over v and v we obtain

p+1 (k+a+1)/1 ; '

P(D'=m+1+k)= 1_ a+1/w/
( m k) R (oD, dv(1l —v)*v ’ du
Y+l (k+a+1) [*
Y kK (@+D)

_p+1(k+1) (k+a+1) (a+p+1)
P2 (a+1) (a+i+k+3)'

du/ dv(1 — v)Foe /v,
0

dv(1 — v)Ftiyetl/v

The asymptotic behavior as £ — oo follows from the well known asymptotic behavior of the Gamma
function.

O

5.3. Joint Degree Distributions

We can use the same calculation in order to determine the joint distribution of the degree of the
root of the preferential attachment graph with a vertex chosen uniformly among the m vertices that
receive an edge from the root.

Lemma 5.3. Let vg be a uniformly chosen vertex in G, let D be the degree of vy, and let D' be
the degree of a vertex chosen uniformly at random from the m vertices which received an edge from
vg. In the limit n — oo, the joint distribution of D and D’ for all three versions of the preferential
attachment graph converges to

_¢+l (k+a+l) (G+a) [*

1
. 1 i a
P(D'=m+1+kD=m+j) = 7R @rD) @ L dv(l—v)kya+w/v du(l — u) u?,

where a = m + 2mu. As k — oo while j is fized, this gives

P(D'=m+1+kD=m+j)= cjk—l—%(1+0(%)),
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where Cj; is a constant depending on j, m and o, while for k fized and j — oo, we have
1
PO=m+j|D'=m+1+k)= Crj %% (1 + O((f,)))
J

where Cy, is a constant depending on k, m and «,

Note that the conditioning on D does not change the power law for the degree distribution of D’,
while the conditioning on D’ leads to a much faster fallo for the degree distribution of D. Intuitively,
this can be explained by the fact that earlier vertices tend to have higher degree. Conditioning on
the degree D’ to be a xed number therefore makes it more likely that at least one of the m vertices
receiving an edge from vy was born late, which in turn makes it more likely that v, was born late.
This in turn makes it much less likely that the root vy has very high degrees, leading to a faster
decay at in nity. This e ect does not happen for the distribution of D’ conditioned on D, since the
vertices receiving edges from the root are born before the root. Note the fact that the exponent of
the power law of the distribution of D conditioned on D’ depends (through @) on m. Heuristically,
this seemingly surprising result follows from the fact that the distribution of the degree of the
vertex at time £ is (in the limit) a discretized Gamma distribution with parameter a (i.e. the prob.
of being equal & is proportional to e~ */* . k. X here is basically an appropriate power of n/k).
Note that with this distribution, when X is relatively large the probability of the degree being small
is approximately A—*. This means that when D’ is small, the probability that % is small (i.e. n/k
is large) is as small as (n/k)®. But for D to be big, £ needs to be small (up to an exponential
tail). This is the intuitive explanation for the the parameter a comes into the exponent of the joint
distribution.

Proof. Let x, be the location of the root in the Polya-point graph, and let y, be the location of a
vertex chosen uniformly at random from the m vertices of type L connected to the root. Then

P(D'=k+m+1,D=j+m)=
1 x
=(w+n/IMwW*/‘@P@r=k+mwo=wPa>=j+mno=w
0 0

Using (35) and (36), we can write this explicitly a
PD'=k+m+1,D=j+m)=

_ (k+a+1) (j+a) [! vyi glatw—1 [ Vykylat 1)
=@+t D URD [ vyt [y

_ Y+l (k+a+1) (j+a) [ o -
= Y2 k! (a+1) 7! (a) /OdU(l—u)Ju /0 dv(l_v)er
_¢Y+1 (k+a+l) (G+a) [!
T2 K (a+1) §!(a) Jo

We want to approximate the double integral by a product of integrals. Clearly

1
dv(l — v)kva*'i / du(l — u)/u®.

1 1 1 1
/ dv(l — v)kv‘”i / du(l — u)u® < / dv(l — v)kvaJr% / du(l — u)u®
0 v 0 0

= kIj! (+ry*D  @+D _
Tkt (a*j+d)
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On the other hand

1 1

dv(l — v)kva*‘f% du(l — u)u® < dv(l — v)kv‘”'d% duu®
0 0 0 0
1 Ra+5+2)

a+1" (2a+i+k+3)

(a+y;+2) (a+5+k+2) (a+j+2)
(a+%+l) (a+2) (2a+i+k+3) J!

— O((%)aH)Z

implying that
1 .
,_ . _ 1 (kta+1) (a+gH+j+2) Jya+1
P(D _k+m+1|D_‘7+m)_z/; (@+i+k+2) (a+j+2) <(1+O((k:) )) (37
A similar calculation gives
1 o . 1 (2a+ ; +2) k
_ Ja @ _ ket — J: Y _
/0 du(l — u)u /0 do(1 —v)*v* T P (2a+i,+j+3)(1+0<j)>
which in turn implies that for xed k, as j goes to in nity, we get
PDO=j+m|D' =k+m+1)=
(2a+ 5 +2) G+ a) (a+i}+k‘+3)< +O(E)> (39)
(@) (a+1+2) u+I+j+3)  (k+2) i)

The statements of the lemma describing the decay of (37) and (38) as (resp.) ¥ — oo and j — oo
follow from the well-know asymptotics of the -function. O

5.4. Subgraph frequencies
5.4.1. Proof of Lemma 2.4

Let F be a nite graph with vertex set V(F) = {v1,va,--vx}. As in Section 2.5, let inj(¥, n; G,,)
be the number of injective maps from V(F) into V(G,) that are homomorphisms and preserve
the degrees. In a similar way, given two rooted graphs (F,v) and (G, z), let ﬁ((F, v)), n; (Gp, )))
be the number of injective maps from V(F) into V(G,,) that are homomorphisms, preserve the
degrees, and map v into . Then inj(F,n; G,,) can be reexpressed as

iNj(Fn;Ga) = > inj((F,v1),m; (G, 21)).
1 GV(G,L)

Since the diameter of (F,v;) is at most k, its image under a homomorphism  has diameter at most
k as well, which in turn implies that

1. . 1 —
Sinj(Fm;Gu) == Y inj((F, v1), m; By 1 (G, 1))
n n 1€V (Gr)
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Given N and r, let B be the set of routed graphson {1,2,..., N} that have radius » and contain
exactly one of the representatives from each isomorphism class, and let B, = u?voleﬁN). Then

% Z ﬁ]]((F, v1),1; Bpy1(Gp, 1))

1€V (Gr)

= Z E‘\J((F7 U1)7n;B)PrJE1 (Bk+1(Gn,l‘1)) ~ B)

BGBk+1

Lini(F ;)
n

where ~ indicates rooted isomorphisms and the probability is the probability over rooted balls
induced by the random choice of z; € V(G,).

Since F'is connected, ﬁ((F, v1),1; Biy1(Gr, 1)) is upper bounded by the constant C' = max; <;<x(n(i)+
dr(v;))*~1. Therefore convergence in the sense of Benjamini-Schramm implies convergence of the
right hand side, giving that

T 1
AFm)= m ey

> i/n\j((F,ul),n;B)Pr(BkH(G,m)NB) (39)

BeBr+1
= E[ﬂ((F, v1),1; (G, x))} ;

where E[-] denotes expectation over the random choices of the limit graph (G, ).

inj(F,n; Gn)

5.4.2. Convergence in probability

If G, is a sequence of random graphs, the subgraph frequencies inj(F, n; G,,,) are random numbers
as well. Examining the last proof, one easily sees that the expectation of these numbers converges
if G,, converges in the sense of De nition 2.1. For the preferential attachment graph, this gives

. 1 o B
lim mE {an(F, n; Gn)} =f(F,n)
where .
NF.n) = E[inj((F, v1), n; (7,0)] (40)

with (7°,0) denoting the Polya-point graph. It turns out that we can prove a little more, namely
convergence in probability.

Lemma 5.4. Let G,, be one of the three version of the preferential attachment graph defined in
Section 2.1, let F' be a finite connected graph, and let n: V(F) — {0,1,...}. Then

1
Zinj((F,n); G,) — f(F,n) in probability.
n

Proof. Assume that z, and z{, are chosen independently uniformly at random from V(G,,). Re-
peating the proof of Theorem 2.2, one easily obtains that the pair ((G,,, o), (Gn, x()) converges to
two independent copies of the Polya-point graph (more precisely, that the distribution of all pairs
of balls (B,(Gn, x0), B-(Gn,x()) converges to the product distribution of the corresponding balls
in (7,0)). As a consequence, the expectation of [Linj((F, n); Gn)}2 converges [(F, n)]z, which in
turn implies the claim. O
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5.4.8. Calculation of Subgraph Frequencies

In this subsection, we calculate the limiting subgraph frequencies f(F, n) using the expression (40).
Alternatively, one could use the intermediate expression in (39) and the fact that for each given
rooted graph B of radius k, we can calculate the probability that the ball of radius k in the Polya-
point graph (7',0) is isomorphic to B. But this gives an expression involving the countably in nite
sum over the balls in 51, while our calculation below only involves a nite number of terms.

In a preliminary step, we note that the Polya-point graph (7',0) and the point process {z;} can
be easily recovered from the countable graph on [0,1] which is obtained by joining two points
x, 2’ € [0,1] by an edge whenever © = z; and «’ = x5 for a pair of neighbors a,a’ in T'. Identifying
the point z, as the root, we obtain an in nite, random rooted tree on [0, 1] which we will again
denote by T.

Recalling (40), we will want to calculate the expected number of maps ¢ from V(F) to [0,1] and are
degree preserving homomorphism from (F,n) into 7' that map v, into the root x,. To this end, we
explore the tree structure around the node xq in 7', in a similar fashion as in Section 3.2. Obviously,
if Fis not a tree then f{F,n) = 0. Otherwise, denote the vertex v; € V(F) as the root and obtain
a rooted tree in which the set of children of every node is uniquely de ned.

A mapping ¢ from vertices vy, ve, - , v t0 points xi,x2,- -,z on the interval [0,1] de nes a
natural total order # on V(F). We say a mapping is consistent with total order ¢ if and only if for
every 7 and j, 0(v;) < 0(v;) implies z; < ;.

Given the positions x4, xs, - - - ¢ (or equivalently the ordering 6), we can divide the children of every
node v; to two sets L(v;) and R(v;), depending on whether their corresponding points on the interval
are to the left or right of z;, respectively. With a slight abuse of notation, de ne L = Ui<;<xL(v;)
and R = Ui<;<kxR(v;). Note that {vs,...,v;} is the disjoint union of L and R. Since we require
that the degrees are preserved, the degree of a node z; in T is dr(v;) + n;. For the root z; = zg
this gives dr(v1) + ny children, m to the left, and n} + |R(v1)| = dr(v1) + ny — m to its right. If
v; € L, its parent appears on its right. Therefore, of n(v;) remaining neighbors of x; that are not
mapped to any vertex in F, n’(v;) = dr(v;) + n(v;) — (m + |R(v;)| + 1) should appear to its right
side. For v; € R, n’(vi) = dF(Ul') + n(vl) — (m + |R(’U1)|)

Using the above notation, we can nally write the probability density function p(F,n,x) for a
mapping from V(F) to z = (x1, z2, - - - 1) to be homomorphic and degree preserving. Conditioned
on v(z;) =, it can be written as

n’(4) P—1
_ P exp(*Hi)Hi 1 '7/)333‘
p(Fon,2,7) = (¢ + Day ] O IT =" I » | (41)
v, €V v; €L (vy) v; ER(v;) v
where .
1-— )
H;=y=—*

The two inner product terms in the above equations are derived using the description of the Polya-
point in Section 2.3.2. The rst term captures the probability that the remaining degree of x; is the
desired value n/(z). Indeed, recalling that the children = > x; of a vertex z; are given by a Poison

process with density ~; w’f*l on [z;, 1], we see that n} is a Poisson random variable with rate

b
1 -1
pa¥
’Yi/ b dr = Hi

i
T
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giving the rst term in the product above.

Also, v; is a Gamma variable with parameters a(7) and 1, where a; depends on whether we discover
v; from right or left.

(i) = m=+2mu+1 ifv; el
A=Y m+2mu ifv, e R

Similarly, a(1) = m + 2mu. Let C(0) be the simplex containing all points =z = (x1, %2, - ,Tk)
consistent with an ordering 6. Setting

k —yiak—1
NF,n,0) =/ Hip(F,n,x,’y) dxy -+ -dxyg dyy - - dyg,
c)x(0.00)k -y (o

t(F,n) can now be computed by summing ¢(F, n, §) over the k! choices of 6.
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