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Early lessons

• It is possible to build rigorously self-certifying
program/proofs. 

– proof by computation is feasible.

• A computer proof assistant can be used to 
explore the logical structure of a proof. 

– new math can be gleaned from a formalization.

• Software Engineering matters in formal proofs.

– old rules and new techniques.



Coloring by induction

configuration
context

reducible



The whole proof

• Find a set of configurations such that:

(A) unavoidability: At least one appears in 

any planar map.

(B) reducibility: Each one can be 

coloured to match any planar ring 

colouring.

• Verify that the combinatorics fit the 

topology (graph theory + analysis).



The Poincaré principle

• How do you prove:

• Given 2 ≝ 1+ (1+ 0)

4 ≝ 1+ (1+ (1+ (1+ 0)))

n + m ≝ if n is 1+ n’ then 1+ (n’ + m) else m

(a recursive program)

2 + 2 = 4 ?

a:         0 + 2 = 2                         (neutral left)

b: (1 + 0) + 2 = 1 + (0 + 2)          (associativity)

c:         2 + 2 = 1 + ((1 + 0) + 2)   (def, associativity)

d:         2 + 2 = 1 + (1 + (0 + 2))   (replace b in c)

e:                                                 (replace a in d, def)a: (def, calculation)



Reflecting reducibility

• Setup
Variable cf : config.

Definition cfreducible : Prop := …

Definition check_reducible : bool := …

Lemma check_reducible_valid : check_reducible -> cfreducible.

• Usage
Lemma cfred232 : cfreducible (Config 11 33 37 H 2 H 13 Y 5 H 10 

H 1 H 1 Y 3 H 11 Y 4 H 9 H 1 Y 3 H 9 Y 6 Y 1 Y 1 Y 3 Y 1 Y Y 1 Y).

Proof. apply check_reducible_valid; by compute. Qed.



Describing a map

n

f

node

edge

dart

e

graphhypermapEuler: #edge + #node + #face = #dart + 2 * #comp



Group Theory

• The theory of invertible operators...

– and of puzzles

• Due to Évariste Galois

– x5 + 3x3 + 7 = 0

• Explains quantum mechanics

• Cristallography, cryptography…



The Swiss army knife of Group Theory

• Theorem (Jordan-Hölder):

Any finite group factors uniquely

into a series of simple groups

• Theorem (Classification):

Finite simple groups belong to either

one of 4 general classes, 

or one of 26 sporadic exceptions



The Finite Group Challenge

The Classification of

Finite Simple Groups

Odd OrderFrobenius groups

Thompson factorisation

character theory

linear representation

Galois theory

linear algebra

polynomials

|G| odd

G simple

G ≈ Fp

Sylow theorems

canonical

isomorphisms



The Odd Order Theorem

Theorem (Feit & Thompson, 1963):

All finite groups of odd order are solvable.

Proof. – 255 pages, 50 years

Proofread. – 240 pages, 20 years

Theorem Feit_Thompson (gT : finGroupType) (G : {group gT}) :
odd #|G| -> solvable G.

Definitions. – 54 LOC
Proof. – 45,000 LOC, 2 years (+ 4 for the library)



A mathematical library shelf
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Mathematics

Definitions
Theorems
Lemmas

Notation
Exercises

Interfaces
Components



Textbook to digital formal text
Theorem Ptype_embedding : forall M K,

M \in 'M_'P -> \kappa(M).-Hall(M) K ->
exists2 Mstar, Mstar \in 'M_'P /\ gval Mstar \notin M :^: G
& let Kstar := 'C_(M`_\sigma)(K) in

let Z := K <*> Kstar in let Zhat := Z :\: (K :|: Kstar) in
[/\ (*a*) {in 'E^1(K), forall X, 'M('C(X)) = [set Mstar]},

(*b*) \kappa(Mstar).-Hall(Mstar) Kstar /\ \sigma(M).-Hall(Mstar) Kstar,
(*c*) 'C_(Mstar`_\sigma)(Kstar) = K /\ \kappa(M) =i \tau1(M),
(*d*) [/\ cyclic Z, M :&: Mstar = Z,

{in K^#, forall x, 'C_M[x] = Z}, {in Kstar^#, forall y, 'C_Mstar[y] = Z}
& {in K^# & Kstar^#, forall x y, 'C[x * y] = Z}]

& [/\ (*e*) [/\ trivIset (Zhat :^: G), 'N(Zhat) = Z,
{in ~: M, forall g, [disjoint Zhat & M :^ g]}

& (#|G|%:R / 2%:R < #|class_support Zhat G|%:R :> qnum)%R ],
(*f*) M \in 'M_'P2 /\ prime #|K| \/ Mstar \in 'M_'P2 /\ prime #|Kstar|,
(*g*) {in 'M_'P, forall H, gval H \in M :^: G :|: Mstar :^: G}

& (*h*) M^`(1) ><| K = M]].



R : comRingType

m : nat

n : nat

A : 'M_(m, n)

B : 'M_(n, m)

============================

\sum_j \sum_i A i j * B j i = \sum_i \sum_j B i j * A j i

R : comRingType

m : nat

n : nat

A : 'M_(m, n)

B : 'M_(n, m)

============================

\tr (A *m B) = \tr (B *m A)

2 subgoals

...

============================

\tr (A *m B) = \sum_i \sum_j A i j * B j i

subgoal 2 is:

\tr (A *m B) = \tr (B *m A)

...

trE : forall (m0 n0 : nat) (A0 : 'M_(m0, n0)) (B0 : 'M_(n0, m0)),

\tr (A0 *m B0) = \sum_i \sum_j A0 i j * A0 j i

============================

\tr (A *m B) = \tr (B *m A)

Lemma mxtrace_mulC m n (A : 'M[R]_(m, n)) B :

\tr (A *m B) = \tr (B *m A).

Proof.

gen have trE: m n A B / \tr (A *m B) = \sum_i \sum_j A i j * B j i.

by apply: eq_bigr => i _; rewrite mxE.

rewrite {}!trE exchange_big.

by do 2!apply: eq_bigr => ? _; apply: mulrC.

Qed.

(AB)i,j = ∑k Ai,k Bk,j

tr A = ∑i Ai,i= tr BAtr AB = ∑i (AB)i,i

= ∑i ∑j Ai,j Bj,i

= ∑j ∑i Ai,j Bj,i

Proof completed.mxtrace_mulC is defined

Demonstration

= tr BA= ∑j (BA)j,j= ∑j ∑i Bj,i Ai,jtr AB



Formal mathematics

Logic
CiC/Coq

Proof script
SSReflect

Lemmas
Functions

Implementation
Reflection

- infer types
- compute types

- invoke computation
- control computation

- define types
- package computation



Algebraic notation

∑ (-1)σ ∏i Ai,iσ
σSn

∑Φ(n/d) md

d | n

 Vi
Vi ≈ W

∩ H
H < G

H maximal 

⋀GCD Qi(X)
i = 1 

n 

∑ai X
i

i < n

\bigcap_{H < G \atop H {\rm\ maximal}} H

Definition determinant n (A : 'M_n) : R :=

\sum_(s : 'S_n) (-1) ^+ s * \prod_i A i (s i).



Implementing notation

Definition mxtrace (R : ringType) n (A : ‘M[R]_n) :=

\sum_i A i i@bigop _ _ 0 +%R (index_enum _) (fun i => A i i)@bigop R ‘I_n 0 +%R (index_enum _)

(fun i : ‘I_n => fun_of_matrix A i i)



Algebra interfaces

Equality

Choice

Ring

UnitRingComRing

Zmodule

ComUnitRing

Lmodule

Algebra

Vector

Falgebra

Addidive

Rmorphism Linear

LRmorphism



Inferring notation

Definition mxtrace (R : ringType) n (A : ‘M[R]_n) :=

@bigop R ‘I_n 0 +%R (index_enum _)

(fun i : ‘I_n => fun_of_matrix A i i)
@bigop R ‘I_n 0 (@Gring.add (Ring.ZmodType R))

(index_enum _)

(fun i : ‘I_n => fun_of_matrix A i i)



Basic interfaces and objects

bool
if b then …

Equality
x == y

nat
0, n.+1, …

seq
[::x1; …; xn]

Finite
{x1, x2, … xn}

ordinal n
‘I_n, 0, ord_max



Ad hoc inference

Definition mxtrace (R : ringType) n (A : ‘M[R]_n) :=

\sum_i A i i@bigop R ‘I_n 0 (@Gring.add (Ring.ZmodType R))

(index_enum (ordinal_finType n))

(fun i : ‘I_n => fun_of_matrix A i i)



Generic Lemmas
Pull, split, reindex, exchange …

Lemma bigD1(I : finType) (j : I) P F :

P j -> \big[*%M/1]_(i | P i) F i

= F j * \big[*%M/1]_(i | P i && (i != j)) F i.

Lemma big_split I (r : list I) P F1 F2 :

\big[*%M/1]_(i <- r | P i) (F1 i * F2 i) =

\big[*%M/1]_(i <- r | P i) F1 i * \big[*%M/1]_(i <- r | P i) F2 i.

Lemma reindex (I J : finType) (h : J -> I) P F :

{on P, bijective h} ->

\big[*%M/1]_(i | P i) F i = \big[*%M/1]_(j | P (h j)) F (h j).

Lemma bigA_distr_bigA (I J : finType) F :

\big[*%M/1]_(i : I) \big[+%M/0]_(j : J) F i j

= \big[+%M/0]_(f : {ffun I -> J}) \big[*%M/1]_(i) F i (f i).



Operator structures

Polymorphism for values!

Structure law : Type :=

Law {

operator :> T -> T -> T;

_ : associative operator;

_ : left_id idx operator;

_ : right_id idx operator

}.

Canonical addn_monoid := Monoid.Law addnA add0n addn0.

Canonical addn_abeloid := Monoid.ComLaw addnC.

Canonical muln_monoid := Monoid.Law mulnA mul1n muln1.

…

Structure com_law : Type :=

AbelianLaw {

com_operator :> law;

_ : commutative com_operator

}.

Canonical ring_add_monoid := Monoid.Law addrA add0r addr0.

Canonical ring_add_abeloid := Monoid.ComLaw addrC.

…



Interfacing big operators

boolEquality

nat

seq

Finite 'I_n

Monoid.law

Monoid.com_law

Monoid.add_law

bigop

 Ei
i ←r  & P(i)

Ring

Zmodule

ComRing



More mathematical

components…

• Finite group theory: morphisms, actions, characteristic & 

functor subgroups, p-groups, Frobenius & extremal

groups…

• Character theory, representation and module theory, 

vector geometry.

• Finite field and Galois theory, algebraic number theory.

• Linear algebra, matrix rank.



Linear algebra interface?

Matrices

Vector 
spaces

coordinates
bases

row spaces
kernels

compute
shape

aggregate
dimension

group representation
Ξ : G → Mn(ℂ)

group character
χ = tr Ξ : G → ℂ



In math:
S = A + ∑i Bi is direct

iff rank S = rank A + ∑i rank Bi

In Coq:
Lemma mxdirectP n (E : mxsum_expr n) :

reflect (\rank E = mxsum_rank E) (mxdirect E).

This is generic in the shape of E

Notation abuse

Let sumV := (\sum_(i < h) 'V_i)%MS.

(* This is B & G, Proposition 2.4(a) *)

Lemma mxdirect_sum_eigenspace_cycle :

(sumV :=: 1%:M)%MS /\ mxdirect sumV.



Recurrences



Telescopic algebra



Proof by reflection



• B & G 15.7

– .. (e)(2) p = |X| is a prime in σ(M) – β(M), 

Op(H) is not abelian, Op’(H) is cyclic, …

• B & G 16, def Type I

– (Iv) (c) for every p ∊ π(H), …, for some such 

p, Op’(M) is cyclic

• Peterfalvi (8.3)

– (b) … there is a prime divisor p of |H| such 

that Op’(M) is cyclic.

H

Wandering typo



Things to look forward to

• Certification

– of computer computations

– of complex proofs

• Collaboration

– safe contributions from diverse backgrounds

• Inspiration

– explore logic, dependencies, and factoring


